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Abstract 

In [13) . Kotter and Kschischang presented a new model for error 
correcting codes in network coding. The alphabet in this model is 
the subspace lattice of a given vector space, a code is a subset of this 
lattice and the used metric on this alphabet is the map d : (U, V) 
dim([/ + V) - dim(£7 n V). In this paper we generalize this model to 
arbitrary modular lattices, i.e. we consider codes, which are subsets 
of modular lattices. The used metric in this general case is the map 
d : (u, v) h> h{u V v) - h(u a v), where h is the height function of the 
lattice. We apply this model to submodule lattices. Moreover, we show 
a method to compute the size of spheres in certain modular lattices 
and present a sphere packing bound, a sphere covering bound, and a 
singleton bound for codes, which are subsets of modular lattices. 

2010 Mathematics Subject Classification: 06C05, 68P30, 94B65, 05A15, 20K27. 

1 Introduction 

Network coding is a tool for information transmission in networks. A net- 
work is considered to be a directed graph, where an edge from a vertex 
u to a vertex v is drawn, if u is able to send information directly to v 
(cf. [II]). A subset of the vertices is the set of senders and another subset 
is the set of receivers. Each sender is interested in sending his informa- 
tion to every receiver (broadcasting). The information is transmitted over 
several vertices to the receivers. With network coding a vertex is allowed 
to combine received information and forward these combinations. Usually 
the information is represented by vectors of the F g -vector space F^ for a 
prime power q and a positive integer N (cf. [7])- The combinations are then 
F g -linear combinations. In random network coding the coefficients of these 
linear combinations are randomly chosen. For basic properties, advantages 
and further information on random network coding the reader is referred to 
[IT)) [IT] [T3] . Regarding general network coding see [T] . 

Kotter and Kschischang presented in [13] a new model for error correct- 
ing codes in random network coding. A sender transmits vectors of the F^, 
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spanning a subspace U of ¥ q . A receiver receives vectors, which will span 
a subspace V of F^. In the error free case thes subspaces are equal. Thus 
the alphabet in this model is the subspace lattice of the Fg-vector space 

and a code is a subset of this lattice. To transmit a codeword a sender 
injects a basis of this codeword. The metric on this alphabet is the map 
d : (U, V) ^ dim([/ + V) - dim(£7 n V). 

In this paper we generalize this model to modular lattices. So we will 
consider codes as subsets of modular lattices with finite length and we use 
the metric d : (u,v) h» h(uvv)-h(uAv), where h is the height function of the 
lattice. This generalization is used to apply submodule lattices for random 
network coding. As in coding theory codes over Z4 (see e.g. [SIEIE]) came 
out to be useful we place emphasis to Z p s -modules of the form for a 
prime p and positive integers s and N. We introduce so called enumerable 
lattices, which are a generalization of the submodule lattices of these modules 
with certain combinatorial properties. We derive a method to compute the 
cardinalities of spheres in these lattices. We present a sphere packing, a 
sphere covering, and a singleton bound for codes in modular lattices. These 
bounds are stated for arbitrary (finite) modular lattices and for enumerable 
lattices. In the latter case the bounds can be computed explicitly. 

This paper is not meant to present concrete code constructions with en- 
coding and decoding algorithms. It is rather a beginning or an introduction 
into a research topic. Basically we wish to explore modular lattices as met- 
ric spaces. Furthermore, we want to show, that the model presented in [13] 
is also applicable to submodule lattices of arbitrary finite modules and not 
only to subspace lattices. For concrete codes and algorithms further research 
will be required. 

The outline of the paper is as follows. In chapter [2] we give all nec- 
essary definitions. Chapter describes how network coding with modular 
lattices and especially submodule lattices can work. In chapter 2] we intro- 
duce enumerable lattices. The main part of this chapter describes a method 
to compute sizes of spheres in enumerable lattices. Bounds for codes in 
modular lattices are presented in chapter [5j 

2 Preliminaries 

For basic notations in lattice theory the reader is referred to [3] and [8] . For 
technical reasons we will consider a lattice mostly as an algebraic structure, 
instead as an ordered set. So a lattice is an algebraic structure L = (L; v, a) 
with a set L and two binary operations v (join) and a (meet), which are 
both associative, commutative and satisfy the absorption laws 

x a (x v y) = x and x V (x A y) = x 
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for all x,y e L. Every lattice gives rise to an ordered set (L,<) where 
x < y xv y = y for x,y e L. 

For x,z e L the set [x, z] ■■- {y e L \ x < y < z} is called the interval 
between x and z. Note that it is again a lattice. 

If the lattice L = (L; v,a) is bounded then we denote the least element 
by Ol (zero) and the greatest element by 1l (one). 

A totally ordered set is called a chain. The length of a chain is its 
cardinality minus one. The length /(L) of a lattice L = (L; v,a) is the least 
upper bound of the lengths of chains in L. If Z(L) is finite, then L is said to 
be of finite length. A lattice of finite length is complete, thus it has a zero 
and an one. If L is finite, then L has finite length. 

In a lattice L = (L; v, a) of finite length the height function h : L -*■ N 
gives for an element u e L the greatest length of the chains between Ol and 
u. h(u) is called the height of u. For / e N we denote by L\ the set of 
elements in L with height I. 

2.1 Modular lattices and submodule lattices 

Definition 2.1. A lattice (L;v,a) is called modular if for all u,v,w e L 
holds: 

u < W => uv (v aw) = (u v v) a w. 

For a modular lattice (L; v, a) of finite length the map 

d : L x L -> N, (u, v) h» /t(u v v) - h(u A u) (1) 

is a metric (see [3] chapter X §1 and §2). Further, the height function h 
satisfies the equality 

h(u) + h(v) = h(u v v) + h(u A v) (2) 

for every u,v e L (see [3] chapter IV §4). For this reason one obtains for the 
metric also 

d(u, v) = h(u) + h(v) - 2h(u a v) = 2h(u v v) - h(u) - h(v) 
for every u,v e L. 

We briefly recall the definitions of ring and module, which we take 
from [2]. 

Definition 2.2. A ring is an algebra (R; +, •, 0, 1) consisting of a set R, two 
binary operations + and ■ and two elements 1 of R such that (R;+,0) 
is an abelian group, (R;-,l) is a monoid (i.e. a semigroup with identity 1) 
and • is both left and right distributive over +. 
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Definition 2.3. Let R be a ring. An abelian group M together with a map 
("left scalar multiplication") R x M M via (a,x) >-*■ ax is called a left 
R-module if for all a, 6 e i? and x, y e M the equations 

a(x + y) = ax + ay, (a + b)x - ax + bx, (ab)x = a{bx) and lx - x 

hold. A subgroup A of M is called Ze/t R-submodule of M if ax e A holds for 
every a € R and x e A. For mi, ■ ■■,m^ e M the submodule of M generated 
by mi, mk is denoted by (mi, m^). 

Accordingly, one can define right R-module and right R-submodule by 
a "right scalar multiplication". If R is commutative this distinction will be 
obsolete. We will consider from now on just left ii-modules and we will say 
just "i?-modules" instead of "left i?-modules". For further information on 
modules see e.g. [2]. 

For any ring R and a i?-module M we will denote the set of all R- 
submodules by L(M). This set with the operations +, which is defined by 
U + V {u + v \ u £ U, v e V}, and n is a modular lattice (see [3] chapter 
VII §1 Theorem 1; note that this Theorem uses a more general definition 
of module, which covers the definition used here). We will call this lattice 
the submodule lattice of M and denote it by (L(M);+,n). Because of the 
modularity of this lattice, we have the metric 

d : L(M) x L(M) -*■ N, (17, V) » h(U + V) - h(U n V). (3) 

Example 1. For a prime power q and a positive integer A the submodule 
lattice (here the subspace lattice) (L(F^);+,n) of the F ? -vector space 
is a finite modular lattice. The height of a subspace U e L(¥^ ) is exactly 
the dimension of U. The metric on this lattice is d ■ (U, V) >-*■ dim([/ + V) — 
dim(J7 n V) which was presented in |13j . 

Example 2. Consider the abelian p-group for a prime p and posi- 
tive integers A, s. This group is a Zps-module. The set L(Z^) of all Z p s- 
submodules equals the set of all subgroups of Z$. If U € L(Z{£), then there 
exists Ai, ...,Ajy e N such that {7 is isomorphic to Z^ x ... x TL, p \ N . For the 
height function n there holds h{U) = Y,i=i Aj. With this height function one 
obtains again a metric with the function d defined in ([3]). 

2.2 Partitions of nonnegative integers 

We will shortly introduce partitions of nonnegative integers. The notations 
are done as in [T5]. We will use partitions later for semi-primary lattices. 

A partition of a nonnegative integer n is a finite monotonically decreasing 
sequence (Ai,...,Afc) of nonnegative integers with YJt=i \ = n - Zeros in this 
sequences are permitted and if two partitions differ only in the number of 
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zeros, then they are considered to be equal. If A is a partition of n, then it is 
denoted by |A| = n. With PART(n) we denote the set of all partitions of n. 
For a partition A = (s, s) with I times the entry s we write also A = (s ). 
One can define an order on the set of all partitions by 

fx < A Hi < Aj for all i 

for two partitions \x = (/ii, /i/t) and A = (Ai, A n ). 

For a partition A the set {(i, j) | 1 < j < Aj} is called the Ferrers diagram 
of A. The partition with the Ferrers diagram | 1 < j < \i} is called the 

conjugated partition of A and is denoted by A'. Note that A^ is the number 
of sequence elements in A, which are distinct from zero. 

For the partitions A = (s l ) and /i < A we define the partition A - /j, := 
(s - Hi, s - Hi), where we set /Zj = for z = pj\ + 1; ■••> Note that ip = A-// 
implies /x = A - 99. 

2.3 Semi-primary lattices 

Definitions and results in this chapter are mostly taken from [12j . 

An element z in a lattice L = (L; v, a) is called cycle if the interval [Ol, z] 
is a chain and dual cycle if the interval [z, 1l] is a chain. 

A modular lattice (L; v, a) of finite length is called semi-primary if every 
element in L is the join of cycles and the meet of dual cycles. 

The elements u\,...,Uk of a modular lattice L of finite length are called 
independent if the equation 

(iti v ... v Ui-x v u i+ i v ... v u k ) a m = L 

holds for every z = l,...,/c. If u±,...,u k are independent, then we write also 
U\ V ... v Uk instead of u\ v ... V Uk- 

For semi-primary lattices we now state Theorem 4.9. of |12j . 

Theorem 2.4. Every element u of a semi-primary lattice L is t/ie join of 
independent cycles. Moreover, if u has the two representations 

u = xiv...vxfc and u = y\ v ... v y n 

with cycles x\,...,Xk, and y\,...,y n , which are distinct from Ol, then k-n, 
and there exists a permutation ir e such that h(xi) = /i(y 7r (j)) for i = 
l,...,k. 

Because of this theorem we can agree on the following definition. 

Definition 2.5. Let L = (L; v, a) be a semi-primary lattice, u e L, z\, ...,Zk e 
L cycles distinct from Ol with u = z\ v...vz fc , and ir e S^, such that h(z^n\) > 
... > h(z w ^). Then tp(u) := (h(z n ^), h{z^^ )) is called the iype of u. 
The type of 1l is also called the type of L and also denoted by tp(L). 
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Types of elements in semi-primary lattices can be considered as parti- 
tions of nonnegative integers. For a partition fx and a semi-primary lattice 
(L;v,a) we denote by the set of elements in L, which have type /U. If 
an element of a semi-primary lattice has type pi, then it is easy to see, that 
this element has height (see Lemma l4.3p . 

Note that if L = (L; v, a) is a semi-primary lattice and / an interval in 
L, then / is also semi-primary (see [T2] Corollary 4.4.) and it holds tp(/) < 
tp(L) (see [9] Lemma 2.4.). It follows for every u,v e L the implication 
u < v => tp(u) < tp(f), because I := [Ol,w] is an interval in L' := [Ol,v]- 

As in [12] we call a Ring R completely primary uniserial if there exists a 
two-sided ideal P of R such that every left or right ideal of R is of the form 
P k (where P° = R). Theorem 6.7. of [T2] says, that every submodule lattice 
of a finitely generated module over a completely primary uniserial ring is 
semi-primary (in fact the theorem says more than that). 

Example 3. The field ¥ q is completely primary uniserial, because the only 
ideals of ¥ q are {0} and ¥ q . So the subspace lattice (L(F^); +, n) of the 
F g -vector space F^ is semi-primary. If U e L(F q ) has dimension I, then U 
has the type 

Example 4. The Ring Z p « is completely primary uniserial, because every 
ideal is of the form p k 7h v s for some k e {0,...,s} and with P := pZ pS we 
have P k =p k Z p s. So the submodule lattice (L(Z^); +, n) of the Z p s-module 
is semi-primary. If U e L(Zii), then there exists Ai,...,Ajv 6 N with 
Ai > ... > Ajv such that U is isomorphic to Z p Aj x ... x % p \ N - Then U has the 
type (Ai,...,Ajv). 

3 Network coding with modular lattices 

In this chapter, we will generalize the notion of operator channel, which was 
presented in [13]. Similar to the discussion in [13] we can here decompose 
the metric distance between two elements in an error and an erasure part. 
We consider the signal transmission from a single sender to a single receiver 
with an arbitrary finite modular lattice L = (L;v,a) as the alphabet. In 
this context it is not important, whether the channel is a network or not. 
For an input ueL the channel will deliver an output v e L. The metric on 
this alphabet is the function d defined in ([1]). We define the functions 

era : L x L -* N, (u, v) h> h(u) - h(u a v) and 
err : L x L ->• N, (n, v) h{v) - h(u a v). 

It is easy to see that 

d(u, v) = era(u, v) + err(u, v) 
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holds for every u,v e L. For an input it and an output v we call era( it, v ) the 
erasure and err(n,w) the error from it to u. Roughly speaking era(it,i>) is a 
measure for the information, which was contained in it but after the trans- 
mission not anymore in v, and err(u,v) is a measure for the information, 
which was not contained in it but after the transmission is contained in v. 
If for u,v e L there exists eel such that v has the representation 

v = (u a u) v e, 

then we have [u A v,v] = [it A u, («ab)v e] and [Ol, e] = [(it a u) a e, e] and 
so the intervals [uav,v] and [Oi,,e] are isomorphic (see [3] chapter I, §7, 
corollary 2). If follows 

err(it, v) = h(v) - h{u a v) = h{e) - /i(0l) = h{e). 

If the chosen lattice is the subspace lattice of the F^-vector space F^, then 
such an e exists for every it,i> e L and err(u,i>) corresponds to the definition 
of errors in Definition 1 in [13]. era(it,i>) corresponds also to the definition 
of erasures in Definition 1 in [TJ] , independently of the existence of such an 
e. 

Such an e does not exist in general for modular lattices. More precisely: 
For every u,v e L exists an e e L, such that v = {u a v) v e (choose for 
example e - v), but an e' e L, such that v = (n a v e' and Ol = (u a i>) a e' 
holds, does not exist in general. Let now u,v,e e L, such that u = (uah)v e. 
Then [it Ai),»] = [it a v, (u a w) v e]. Because of u a v a e = it a e holds 
[n a e, e] = [(it ad) a e, e]. Thus, the intervals [u a v, v] and [it a e, e] are 
isomorphic (see again [3] chapter I, §7, corollary 2). It follows 

err(it, v) = h(v) - h(u a v) = h{e) - h(u a e). 

Roughly speaking err(it,i>) is also a measure for the information which is 
contained in e, but not in it. 

A code C is in this paper a subset of a finite modular lattice (L; v, a). We 
denote the minimum distance of C by T>(C). If every codeword in C has the 
same height, then we call C a constant height code. If (L;v,a) is moreover 
semi-primary and every codeword in C has the same type, then we call C 
a constant type code. Clearly every constant type code is a constant height 
code. 

3.1 Random network coding with submodule lattices 

Now we consider the case that the information is transmitted through a 
network and that the alphabet for the signal transmission is a submodule 
lattice (L(M);+,n) of a finite iZ-module M for a ring R. As in [T3] we 
consider the case of the communication between a single sender and a single 
receiver (single unicast). The generalization to multicast is straightforward. 
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If the sender wishes to transmit a submodule U e L(M), then he sends a 
generating set of U into the network. A node a in the network, which receives 
module elements mi, ...,mk, sends to the node b a i?-linear combination 

k 

Vb = £ r M m * 
i=l 

with random ring elements r& $ 6 i? for i= l,...,k if there is a link from a to 
b. If the sender sends the generating set {m, into the network and a 

receiver receives the elements v\,...,vi, then has in the error free case the 
representation 

k 

Vj = £ Tj^Ui 

for some elements r^j e R for j = 1,...,/ and i = («i,...,«j) is a 

submodule of (u\, ...,Uk) ■ If the receiver collects sufficiently many module 
elements, then (vi,...,vi) equals (u%, ...,%). In the case that errors ap- 
pear, that means that module elements ei,...,e m , which are not contained 
in Ufc), are transmitted through the network, then Vj has the repre- 

sentation 

k m 
i=\ t=l 

for some elements rji,Sj ; t e ii for j = 1, z = 1, k and f = 1, m. Let 
V = (ui,...,u;), ?7 = (ui,...,tifc) and E 1 = (ei,...,e m ). Then there exists a 
submodule E' of E 1 , such that V has the representation 

y = ([/ny) + E'. 

The intersection of (U n V) and E 1 ' must not necessarily be trivial. The 
erasure in this case is er&(U, V) = h(U) - h(U n V). The error is err(?7, V) = 
h(V) - h(U n V), or if we wish to express it in terms of E', it is err(C7, V) = 
/i(E') - fo(C7 n £"). If the intersection of (U n V) and is trivial (and so 
the intersection of U and E' as well), then the error is err(?7, V) = h(E'). 

4 Enumerable lattices and spheres 

Let L = (L; v, a) be the subgroup lattice of a finite abelian p-group G and \x a 
partition. If two subgroups U, V in this lattice are isomorphic, i.e. they have 
the same type, then they have the same number of subgroups of type [i. More 
precisely, if U, V e L have the same type, then \{W e L M | W < U}\ = \{W e 
| W < V}\ holds. But if we consider the number of groups in this lattice, 
which are greater or equal than U or V instead of less or equal, then the 
statement does not hold in general. More precisely, if U, V e L have the same 
type, then \{W e \ W > U}\ = \{W e L M | W > V}\ does not necessarily 
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Figure 1: Left: the subgroup lattice of Z4 x Z2. Right: the subgroup lattice 
of Z4 x Z4. Every element is labeled with it's type. 

follow. E.g. if we consider the subgroup lattice of Z4 x Z2 in Figure [H then 
the black colored element of type (1) is covered by two elements of type (2) 
and the other two elements of type (1) by none. If we define for U e L and 
r e N the sphere S(U,r) ■- {V e L \ d(U,V) < r} with radius r centered at 
U, then we have as a consequence that the spheres with radius 1 centered at 
the elements of type (1) have not the same cardinality. The sphere centered 
at the black colored element has the cardinality 5 and the other two spheres 
have cardinality 3. More general, if U, V e L have the same type, then 
\S(U,r)\ - \S(V,r)\ does not necessarily follows. But that might be a desired 
property. If we restrict now G to be of the form Z^l for some integers s and 
N, then for U, V e L follows \{W e L M | W > U}\ = \{W e L M | W > V}\ if U 
and V have the same type (see Theorem 14.21 and Example [6]). For example, 
this can be seen in the subgroup lattice of Z4 x Z4 in Figure [TJ Consequently 
for U, V e L follows \S(U,r)\ = \S(V,r)\ if U and V have the same type (see 
chapter B~2|) . 

In the following we will generalize the subgroup lattices of finite abelian 
p-groups to down- enumerable lattices and subgroup lattices of finite abelian 
p-groups of the form T^ s to enumerable lattices. Enumerable lattices are 
semi-primary lattices with the desired property described above. In chapter 
14.11 we will present a result, which shows that down-enumerable lattices are 
under certain circumstances even enumerable, which is a generalization of 
the group case described above. Since we know that two spheres in an 
enumerable lattice with same radius and centered at two elements with the 
same type have the same cardinality, we would like to compute the size of 
these spheres dependent on the radius and the type of the element in the 
center. This will be described in chapter 14.21 
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Definition 4.1. A finite semi-primary lattice L = (L;v,a) is called down- 
enumerable if for every u,v € L and every partition [x the implication 

tp(u) = tp(-u) => \{w e L^\w < u}\ = \{w e \ w < v}\ 

holds. Then for an element u of type (p and a partition ll we denote a((p, /i) ■- 
\{w e L^\w < u}\. L is called up-enumerable if for every u,v e L and every 
partition \x the implication 

tp(u) = tp(^) =>• \{w e L^\w > u}\ = \{w e \ w > v}\ 

holds. Then for an element u of type (p and a partition (i we denote (3(ip,fi) := 
\{w e Lp \ w > u}\. If L is down-enumerable and up-enumerable, then it is 
called enumerable. 

4.1 A duality result 

This section is devoted to a proof of the following theorem. 

Theorem 4.2. Let L = (L; v, a) be a self-dual down- enumerable lattice and 
A := tp(L) = (s n ) for some positive integers s,n. Assume further, that for 
every cycle z e L there exists a cycle z' e L with z < z' and h(z') = s. Then 
L is enumerable and for every two partitions /x, <p < A holds 

/3(iJ,,(p)=a(\-n,\-ip). (4) 

Lemma 4.3. Let (L; v, a) be a modular lattice of finite length and u±, ...,u n 6 
L. Then there holds 

h(u\ v ... v u n ) < h(ui) + ... + h(u n ). 

Furthermore we have the equivalence: 

u\,...,u n are independent o h{u\ v ... v u n ) = h{u\) + ... + h{u n ). 

Proof. See [3] chapter IV §1 and §4. □ 

Lemma 4.4. The type of a semi-primary lattice is equal to the type of its 
dual lattice. 

Proof. See p2] Corollary 4.11. □ 

For the next Lemma, we need another notation from [12] . Let (L;v,a) 
be a semi-primary lattice, a e L and k a positive integer. The join of all 
cycles z e L with z < a and h(z) = k is denoted by a[k]. 

Lemma 4.5. Let(L;v,A) be a semi-primary lattice and u±, ...,u n e L. Then 
the following equivalence holds: 

u±,...,u n are independent <^ u\ [1], u n [l] are independent. 
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Proof. See p2] Theorem 4.14. 



□ 



Lemma 4.6. Let (L;v,a) be a semi-primary lattice, ue L and ip < tp(n). 
Then there exists an element v e with v < u. 

Proof. Let \i := tp(n). There exist independent cycles u\, ...,u n distinct from 
zero with h(u{) = /ij, such that u is the join of u±, ...,u n . Since ip± < fa, there 
exists a cycle Vi < Ui with h(vi) = <fii for i - l,...,ip[. Because ui,...,u v ' are 
independent cycles, also the cycles t>i, must be independent. Hence, 
we conclude v := V\ v ... V v^' < u and tp(u) = y>. □ 

An element u of a bounded lattice is called atom if it has height 1. 

Lemma 4.7. Let L = (L; v, a) 6e a semi-primary lattice, A := tp(L), n := 
and u € L with fx ■- tp(n) and m •= fx'i, such that m < n. Furthermore 
let U\,...,u m be independent cycles distinct from zero, such that u is the 
join of u±, ...,u m . Then there exists an atom a, such that ui, ...,u m , a are 
independent. 

Proof. Let Oj be the uniquely determined atom with < U{ for i = 1, ...,m. 
Let a be an atom such that a±, ...,a m ,a are not independent. By Lemma 
Ol it follows that 

m = h(a\ v ... v a m ) < h(a\ v ... v a m v a) 
< h(a\) + ... + h(a m ) + h{a) = m+ 1. 

So we have /i(ai v ... v a m v a) = m and finally ai v ... v a m = a\ v ... v a m v a. 
Let ^4 be the set of atoms in L. Assume that for every a e A \ {ai, a m } 
the elements ai, ...,a m ,a are not independent. Then it follows that 

ai v ... v a m = ai v ... v a m v (\/(A \ {a ± , ...,a m })) = \/A, 

and so tp(V^.) = (l m )- It follows that there exists no element in L with 
type (P) and m < j <n. But that is a contradiction to Lemma [4.61 because 
(P) < tp(L) holds for j < n. It follows, that there exists an atom a, such that 
a\,...,a m ,a are independent. With Lemma ET31 it follows that u±, ...,u m ,a 
are independent, because of Ui[l] = a\ for i = 1, ...,m and a[l] = a. □ 

Corollary 4.8. Lei L = (L;v,a) 6e a semi-primary lattice, A := tp(L), 
n := A^, n 6 L and u%, ...,u m independent cycles distinct from zero, such that 
u is the join of u\, ...,u m . If m < n, then there exist atoms a m+ i, ...,a n , such 
that u\, ■■■,u m , a m+ i, a n are independent. 

Let L = (L;v,a) be a semi-primary lattice and u 6 L. With tp D (u) we 
denote the type of u in the dual lattice of L and call it the dual type of u. 
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Lemma 4.9. Let L = (L;v,a) be a semi-primary lattice, A := tp(L) = (s n ) 
for some positive integers n,s, u < A and u e L a . Further assume, that for 
every cycle z e L, there exists a cycle z' e L with z < z' and h(z') = s. Then 
there holds 

tp D (u) = A - fx. 

Proof. Let u\,...,u m be independent cycles distinct from zero, such that 
u is the join of ui,...,u m . If m < n then there exist by Corollary 14.81 
atoms a m+ i, a n , such that u\, u m , a m+ x, a n are independent. By 
our premise, there exist cycles x\,...,x n with /i(xj) = s for i = 1, ...,n, Ui < Xj 
for i = l,...,m and a» < Xj for i - m + l,...,n. If o« is the uniquely de- 
termined atom with ai < U{ for i = then a±,...,a n are indepen- 
dent. By Lemma 14.51 it follows that independent, because of 
= aj. It follows xi v ... v x n = 1l, because x\ v ... v x n has type (s n ) 
and 1l is the only element in L with type (s n ). We define Z{ Xi v u for 
i = l,...,n (it holds zi v ... v z n = 1l) and V ■- [u, So Zj is a cycle in 
L' = (L';v,a). We will show, that z±,...,z n are independent in L'. That 
means, that (z\ v ... v Zi-i v v ... v z n ) i\Zi-u holds for every i = 1, ...,ra. 
We define ttj := Ol for i = m + 1, ...,n and so iti, ...,u n are independent and u 
is the join of u±, ...,u n . Let i be fixed. Then we have 

z\ v ... v Zi-i v v ... v z n =(xi v u) v ... v v u) v v n) v ... 

... v (i n vu) 

= U V Xi V ... V V Xi + \ V ... V x n 

-U\ V ... V U n V X\ V ... V Xi-l V Xj+l V ... V X n 

=Xl V ... V Xi-l V Ui V V ... V x n . 

The last equality holds because of Uj < Xj for j = l,...,i - l,i + l,...n. 
x\, ...,Xi-i,Ui,Xi+i, ...,x n are independent. It follows 

h(zi V ... V Zi-l V Z i+ i V ... V Z n ) = /l(xi V ... V Xj_i V V X i+ l V ... V x n ) 

= h{x\ v ... v x n ) - h(xi) + h{ui) - s n - s + fii. 

For the second equality we used Lemma 14.31 Because of Z{ = u v Xi = u\ v 
... v m-i v Xi v Ui + \ v ... v u n , we have 

h{z{) = h(u\ v ... v m-i v Xi v Uj + i v ... v u n ) 

= h{u\ v ... v u n ) - h(ui) + h{xi) = |u| - Uj + s. 

We used again Lemma 14.31 for the second equality. By equation , there 
follows 

h((zi V ... V Zi-\ V Z i+1 V ... V Z n ) A Zi) =h(zx V ... V Zi-X v v ... v z n ) 

+ h(z.i)-h(zx v ... vz n ) 
=(s n - s + m) + (|/x| - /Xj + s) - s n = 
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From this, we obtain (z% v ... v zi-\ v z%+\ v ... v z n ) a Zi = u, because of 
u < (ziv...vzj_i V2; i+1 v...vz n )AZj and/i(tt) = |//|. So, z\,...,z n are independent 
cycles in L' and there holds Z\ v ... vz n = 1^. We denote by h'(zi) the height 
of Zi in L'. There holds h'(zi) - h(zi) - h(u) = (|//| - //j + s) - |//| = s - [i{ for 
i = 1, n. It follows that 1l has in L' the type (s — /x n , s — fii) = (s n )-fj,= 
A - [i and since 1l = 1l' we have tp(L') = A - //. By Lemma H31 it follows 
that also the dual lattice of L' has type A - fx. The one-element of this dual 
lattice is exactly u, and it follows, that u has dual type A - fj, in L' and so 
in L. □ 



Now we can state the proof of Theorem 14.2 



Proof of Theorem \4-2\ Let [i and (p be fixed and let by i? := A - fi and w := 
X-(p. Further let u,u' e L with tp(u) = i? and tp r> (u') = 7?. Because of the 
self-duality we have 

a(i9,u;) = |{u e L | v < u,tp(v) = co}\ - \{v e L \ u < v,tp D (v) = uj}\. 

By Lemma 14.91 h follows that an element in L with dual type uj has the 
type A - ijj = if. It then follows 

a(A - /x, A - ip) = a($,uj) = \{v <e L\u < v,tp(v) = <p}\. 

Since v! was chosen arbitrarily as an element of dual type and so as an 
element of type A - $ = (jl, it follows that L is up-enumerable and there holds 
/3((j,,(p) = a(\~n,\-<p). □ 



i-JV 



Example 5. The subspace lattice (L(¥ q );+,n) of the F ? -vector space F; 
is down-enumerable. Recall that U e L(F^) has type (l') if it has dimension 
I. For two partitions \i = and tp = (l fc ) holds 



a( M ,¥>) =«((!'), (1*)) 



/ 

A: 




/>A; 
else 



where 



/ 

A- 



is the Gaussian coefficient form I over in respect of q (see 



|15j ) . Moreover the lattice satisfies all conditions of Theorem 14.21 So the 
lattice is enumerable and there holds 



Kw) = ((i fc )) - <*«i N ) - (i N ) - (i k )) 

l < k 



a{{1 N-l l{1 N- k)) 



N-l 
N-k 





J 9 



else. 
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Example 6. The submodule lattice (L(Z^); +, n) of the Z p s-module is 



down-enumerable and there holds 



in 



3=1 





3 
^3 



3+1 J 



else, 



for two partitions ^,99 (see [5]). Moreover the lattice fulfills all conditions of 
Theorem 14.21 Thus, the lattice is enumerable and one can apply equation 
(|3J) to compute /3(fjL,ip). 



4.2 Sphere size computation 

In this section, we will present a method for the computation of cardinalities 
of spheres in enumerable lattices. For this we compute the sizes of certain 
subsets of spheres. It is more important that we can compute the sizes of 
these subsets, than the sizes of the spheres, because in chapter [5l we will 
construct bounds with these subsets instead of the whole spheres. Compute 
sphere sizes is then only a byproduct. We will express the cardinalities of 
the mentioned sets by a and /3. So for the computation it is necessary to 
know q;(A,i?) and /3(A,i9) for each partitions A and 1?. 

First of all we will extend the definitions of a and f3. Let L = (L; v, a) 
be a down-enumerable lattice, \x < tp(L), u e and ri, ...,v n e N. Then let 

a(fi,ri, ...,r n ) := |{(xi, ...,x n ) e L n \ h{xi) = ri for h,...,n, 

X\ < ... < x n < u}\. 

It is obvious, that r\ < ... < r n < holds if a(/i, r\, r n ) > 0. We declare 
that a(/i, r±, r n ) equals one if we mention a(fi,rx, ...,r n ) and n equals 
zero. One obtains the recursive formula 

a(/x,ri,...,r n ) = Y ■ a(i?,ri, ...,r n _i). 

tfePART(7n),tf<M, 
Let L be now up-enumerable. Then let 

P(fi,n,...,r n ) ■■= \{(xi, ...,x n ) e L n I = for i = l,...,n, 

»i > ... > x n > u}\. 

Here it is obvious, that r\ > ... > r n > \fi\ holds if /3(/x,ri, r n ) > 0. We de- 
clare here as well that /3(/i, r±, ■■■,r n ) equals one if we mention r±, ...,r n ) 
and n equals zero. One obtains the recursive formula 

P(li,n,...,r n ) = Y ■ P(^,ri,...,r n -i). 

#ePART(r„),tf>A» 



14 



Now let L be in the following an enumerable lattice, u e L and r e N. 
Then 

S(u,r) ■- {v e L \ d(u,v) < r} 

is the sphere with radius r centered at u. We will decompose this sphere. 
For I e N 

S(u,r,l) := {v e S(u,r) \ h(v) = 1} 
is the l-th layer of S(u,r). For a partition /i let 

S(u,r,fj.) {v e S(u,r) \ tp(u) = fi}. 

We have the decomposition 

/i(u)+r /i(u)+r 

5(u,r)= |J 5(u,r,0= U U 5(«,r,M)- 

l=h(u)-r l=h(u)-r /iePART(i) 

We want to compute the cardinality of S(u,r,fi). Let in the following 93 
be the type of u. We distinguish between the cases < \ip\ and \fi\ > \(p\. 
Both cases can be treated similarly, and we will only describe the first one 
in detail. 

Case 1: \/j,\ < \ip\. We can decompose S(u,r,fj>) into sets of the form 
{v e I h(u A v) = ro} for ro e N. Clearly, ro must be less or equal than 
Also d(u,v) < r must hold for every v e {v e | /i(u as) = ro}. It follows 
that r > v) = h(u) + h(v) -2h(uAv) = \(p\ + \(j,\-2ro and so ro > ^ + ^~ r . 
Thus S(u,r,(M) has the decomposition 

H 

S(u,r,n)= (J {ue.L M | h(uAv) =r }- (5) 

We want to express |5(ii,r, //)| with a and /3, by expressing |{v e L M | h(u a 
= ro}| with a and For this we make the following definitions: 

j(u,(i,r 1 ,...,r k ) := \{(x 1 , ...,x k ,v) e L k+l \ h{xi) = r» for i = 1, ...,k, 

tp(v) = fJL, X\ < ... < X k - U A v}\, 

5(u,fi,ri,...,r k ) := \{(xi, x k , v) e L k+1 \ h{xi) = r» for % = 1, ...,fc, 

tp(v) = fj,, Xl < ... < Xk < U A v}\, 

e(u,n,r\,...,r k ,l) : = |{(xi, ...,x fc ,-y) e L k+1 \ h(xi) = r» for i = l,...,/c, 

tp(v) = /i, xi < ... < x k < u a v, h{u A «) = Z}| 

for nonnegative integers r\,...,r k and /. It is obvious that 

H 

7(n, / u,ri,...,r fc ) = 5(u, fi,n, ...,r k ) - £ e(u, fi,n, ...,r k ,l) (6) 

Z=r fc +1 

holds. In the following we will express 7 with ce and /3. Later, we will express 
\{v e I /i(u A «) = ro}| in terms of 7. 
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Lemma 4.10. There holds 

5{u,a,n,...,r k ) = £ a(<p,#) -/3(t?,//) •a(i?,ri,»-,»'fc-i). (7) 

i?ePART(r fe ),i?<</3 

Proof. Let i? e PART(rfc) with •d < <p be fixed. a(<^, i?) counts all elements 
Xfc with Xk < u and tp(x;t) = i?. We will now fix such an The number 
/x) counts all elements « with Xk < v and tp(u) = /x. If v is such 
an element, then x& <vau holds. a(i?,ri,...,rfc_i) counts the sequences 
(xi, with xi < ... < Xfc_i < Xk and Zi(xj) = r, for i = 1, 1. So 

with a((/9,i?) •/?($, /z) ■ ct($, r*i, ...,rfc_i) we count the sequences of the form 
(xi, Xfc, u) e L k+1 with /i(xj) = rj, x\ < ... < x k < uAv, tp(u) = /x and 
tp(xfe) = i?. If we sum over all partitions i? e PART(r^) with then we 

count all sequences, which are counted in S(u,fx,ri, ...,rk). □ 

Lemma 4.11. For Z > + 1 i/iere Zio/cZs 

e(«,//,ri,...,r fe) Z) = -y(u, fj,,n, ...,r k ,l). (8) 

Proof. Let 

^4 := {(xi, ...,x fc ,t;) e | Zi(xi) = rj for i = 1, A;,tp(t>) = /i, 

xi < ... < Xk < u a v, h{u av) = Z}, 
5 := {(xi, ...,x fc+ i, i;) 6 L fc+2 | Zi(xj) = r 4 for i = 1, ...,k,h(x k+ i) = I, 

tp(f ) = /X, Xl < ... < Xk = u a v}. 

We will show that the map / : A -*■ B, (x±, ...,Xk,v) h> (xi, Xk, u a v, v) 
is bijective. The injectivity of / is clear, so we only have to show its sur- 
jectivity. Let (xi, ...,Xk+i, v) £ B. We have h(xk+i) = Z and Xfc+i - uav, 
and so /i(u ad) = Z. Because of r k < + 1 < I it holds Xk < u a v. It 
follows that (xi, ...,Xk,v) e ^4 and f((x±, ...,Xk,v)) = (xi, ...,Xk,u A v,v) = 
(xi, Xk, Xfc+i, w ). So / is bijective and with \A\ = e(u, fj,,r±, ...,r k ,l) and 
|5| = 7(14, /i, n, rfc, Z) we obtain the statement. □ 

Lemma 4.12. There holds 

7(u,At,ri,...,r fc _i,| j u|) = a(>,/z) •£*(//, n,...,r fc _i). (9) 

Proof. Let (xi, t> ) be one of the sequences that we have counted in 
j(u, /i, n, rfe_i, |/z|). We have h(x k ) = and Xk - uav, and so /i(u Ajj) = 
Because of tp(u) = /x it follows that v - u av - x k . So, every sequence 
which we count in 7(ii,/i,ri, ...,rjfc_i, |/x|) is of the form (xi, x k -\, v, v) e 
L fc+1 with Zi(xj) = n for i = 1, k - 1, tp(v) = fi and xi < ... < Xk-i < v < u. 
With a((p,/j,) we count all elements v with tp(u) = /i and v < u. With 
a(fj,,n, ...,rfc_i) we count for such a fixed t> all the sequences (xi, ...,Xk-i) 
with xi < ... < Xfc_i < v and /i(xj) = rj. Hence, our statement follows. □ 
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If we insert equations © and (jSJ) in equation ([6]), then we obtain a 
recursive formula for 7, which depends only on a,f3 and 7. Equation ([9]) 
gives a recursion stop for this formula. We list both equations together: 





-,n) = E 


/3(i?,£f) •«(??, ri,...,r fc _i) 




i?ePART(r fe ) 












H 






- E 7(«,/^i,-- 


■ ,r fc ,Z) 




l=r k +l 




7(zi,/x,ri,. 


~,rk,\v\) = a(tp,n) -a(/x,n 





(RC 1) 



In this way, we can express 7 recursively with a and /3. Note that </? is 
the type of it. If a(A, t?) and /3(A, #) are known for each partitions A, 1?, then 
we can also compute j(u, fi, 7*1, ...,rfc) for every it, and 77,. We see 
that 7(ui,/x, ri, r^) = 7(1*2, A 4 , n, holds if ui and it2 have the same 

type. By the definition of e we have |{v e \ h{u av) - ro}| = e(u,/U,ro) 
and by Lemma [5] 



\{v e L M I h(uAv) = r }| = 7(«,/i,r ). 



(10) 



With (RC 1) one can compute |{t> e L M | h{u Av) = ro}\. 

Case 2: \fj,\ > \ip\. As mentioned earlier, everything works similarly to 
case 1, so we will omit details. S(u,r,fj>) can be decomposed as 



S(u,r,fi)= |J e I h(uvv) = r }. 



(11) 



With 



7 / (u, j u,ri,...,rfe) := |{(xi, ...,x k ,v ) e L ' + | /i^) = rj,tp(u) = 

Xi > ... > Xfc = it v u}| 



one obtains: 



7'(«,//,ri,. 


..,r k )= Y, 


a(i9,/i) ■ / 8(i?,r 1 ,...,r fc _i) 




#ePART(r fe ) 












rfe-1 






- E t'K/^i,- 












•>»"*;, Ia*I) = £(<^,a*) -/3(/i,n 





(RC 2) 
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Note again, that cp is the type of u. We have 

\{v e Lf, | h(uvv) = r }| = j'(u,/j,,r ), (12) 

and so |{v e \ h(u v v) - ro}| can be computed by (RC 2). Also 
j'(ui, /x, ri, r^) = 7'(ii2, /i, ri, r^) holds here if iii and «2 have the same 
type. 

With equations ([5]) and (jllj) follows the next Theorem, which states the 
desired formula for r, 



Theorem 4.13. It holds 



\S(u,r,fi)\ 



ro 



ImI 

E l(u,fi,r ) if\(J,\<\<p\ 

.|"M+li£hrj 



E l'(u,V,r ) if\n\>\<p\. 

. '"Q=[mI 

Again is here the type of ti. Furthermore we have 

/i(u)+r 

l^j^OI = £ l 5 '( n 1 r ^)l and l' s '(^> r )l= E \ s ( u , r J)\- 

^ePART(Z) l=h(u)-r 

That is the way we can compute r, //)|, r, /)| and \S(u,r)\. Again, 
we have \S(ui,r,fj,)\ = \S(u 2 ,r, fx)\, \S(u\,r,l)\ = |S(u 2 ,r,Z)| and \S(ux,r)\ = 
I'S'C^)^)! if u i an d «2 have the same type. 

5 Bounds 

5.1 Sphere packing bounds 

Before deriving sphere packing bounds on modular lattices, we will state a 
very useful theorem for spheres in modular lattices. We can make use of it 
for constant height codes in modular lattices. In which way this works, will 
be described below. 

Theorem 5.1. Let~L = (L; v, a) be a finite modular lattice, u\,u 2 e L[, reN 
and t e {Z — r, I — r + 2, I + r - 2,1 + r}, such that < t < /i(1l)- Then 

S(u\,r) n S(u2,r) = <=> S(ui,r,t) n 5(«2,r,t) = 0. 

For the proof we need the following Lemma. 

Lemma 5.2. Lei (L; v, a) be a finite modular lattice, u\,v,2 e T\ and reN. 
Then the following implication holds: 

S(u\, r) n S(u2, r) $ => a u 2 ) > / - r. 
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Proof. Assume h{u\ A112) < I - r. Then we obtain 

d(u\,U2) = h(ui) + h{u2) - 2h(u\ a 112) = 2{l - h{u\ a 112)) > 2r. 

This is a contradiction to S(ui,r) n S(u2,r) t 0. □ 

Proof of Theorem \5.1[ Proof direction "=>" is clear, and for direction "<=" 
we will proceed indirectly. Let S(u\,r,t) n S(u2,r,t) - and we assume 
S(ui,r) n S(u2,r) * 0. We will show, that there exists an element y e 
S(ui,r,t) n S(u2,r,t), that induces a contradiction. We distinguish the 
following list of cases. 

Case 1: t < h{u\ AU2). There exists an element y < u\ AU2 with h(y) = t. 
Because of y < u\ , we find d{u\,y) = h(u\) -h(y) = l-t < r. Similarly, there 
follows d(u2,y) <r. So y is contained in S(ui,r,t) n5(«2,r, t). 

Case 2: h(u\ v 112) < t. Similar to case 1. 

Case 3: h{u\ a U2) < t < h(u\ v 112)- We define d:= t- h{u\ a 112)- With 
Lemma 15.21 there follows 

r >l - h(ui au 2 ) = I -t + d. (13) 

Later we will make use of this inequality. We distinguish now according to 
the parity of d. 

Case 3.1: d is even. Choose xi,X2 e L with u\ a < xi < u\, U\ a < 
X2 < U2 and h(x\) = h(x2) = t - |. We will show, that x\ v X2 is contained 
in S(ui,r,t) n S(u2,r,t). It is easy to see, that x\ a X2 = iii a U2 holds. It 
follows /i(iivs 2 ) = /i(xi) + /i(x2)-2/i(xi as 2 ) = 2(t-|)-i + d = t. So iivs 2 
has height t. Furthermore 

x\ v X2) = + /i(xi vx 2 ) - 2h(u\ a (xi vi 2 )) 



< /i(ui) + v x 2 ) - 2h(xi) = Z + i - 2(t --) = /- t + d < r. 

Analogously, one can show d(u2,xi v X2) < r. It follows, that x\ v X2 is 
contained in S*(ui,r, t) r\S(u2,r, t). 

Case 3.2: d is odd. Choose xi, X2 £ L with ui a«2 ^ x \ < u\, i*iAw 2 < X2 < 
U2, h(x\) =t - and h(x2) =t - -pp. We will show again, that xi v X2 is 
contained in 5(ui,r, t) n S(u2,r,t). Again iiAx 2 = u\ au 2 holds. Similarly 
to case 3.1., one can show that x\ v X2 has height t. For the distance there 
holds 

d(u\,x\ v x 2 ) = h(ui) + h(xi v X2) - 2h{u\ a (xi v i 2 )) 

< /i(ui) + /i(xi v x 2 ) - 2/i(xi) = Z + t - 2(t - 

= l-t + d-l < r-1. 
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Similarly, one can show d(u2,x\ vxj) < l-t + d+1. Inequality (|13p is in this 
case not sufficient. There holds 0<r-(l-t + d) = t- (Z — r) — d by inequality 
(|13|) . Furthermore t—(l-r) is even and d is odd. It follows that 1 < r-(l-t+d) 
and so d(u±, x\ VX2) < r. Finally we have xi vx 2 6 £*(«!, r, t) nS(u2, r, t). □ 

One can make use of Theorem 15. II in the situation, where one considers a 
constant height code C in a finite modular lattice (L; v, a) and an alphabet 
K which is not the whole lattice L, instead only a subset of L, which contains 
at least one nonempty set Lt for a t e N. Let T>(C) > D for a D e N and 
r = [^-M- It follows that the spheres restricted to K with the codewords 
in the center and radius r have to be disjoint. That means {S{u\,r) r\K) n 
(5(n2,r) n K) = for every two codewords u\,U2 e C. It follows that the 
spheres restricted to Lt have to be disjoint, because Lt is contained in K. 
That means S(ui,r, t) n S(u2,r,t) - for every two codewords u\,U2 e C. 
But for the communication it is not important whether the spheres restricted 
to K := L \ K with the codewords in the center and radius r are disjoint 
or not, because a receiver cannot receive an element of K. That means 
(S(u\, r) n K) n (S(u2, r) n K) = is not important. But if \t - l\ and r are 
both even or both odd and S(ui,r,t) n S(u2,r,t) - is satisfied for every 
two codewords u\,U2 e C, then it follows by Theorem 15. 1\ that the spheres 
on the whole lattice with the codewords in the centers have to be disjoint. 
This means S(ui,r) n S(u2,r) = for every two codewords u\,U2 e C. Even 
the spheres restricted to K have to be disjoint. An advantage of this fact 
gets clear after Proposition 15.31 

For example in [13], a situation is mentioned, in which the lattice is the 
subspace lattice L = (L(F^);+,n) of the F^-vector space and that all 
codewords have dimension I. Moreover a receiver collects vectors until the 
spanned vector space of the received vectors has dimension /. We denote L :- 
L(F^). So the alphabet for this situation is Li, the set of all Z-dimensional 
subspaces of F^. With the notation above we have K - L\ and we can 
choose t as /. Consider a code C £ L/ (a so-called constant dimension code 
[13]) with minimum distance V(C) > D and r = [^y^-J- Of course S(ui,r,l)n 
S(u2,r, I) - must hold for every two codewords u±,U2 e C. But it is at the 
first view not important whether (S(ui,r) \ L{) n (S(u2,r) \ L{) = holds 
or not, because a receiver will never receive an element of L \ Li. But if r 
is even, then also S(u\,r) n S(u2,r) = must hold for every two codewords 
ui,U2 e C by Theorem 15.11 If r is odd, then r - 1 is even and it follows 
S(u\, r - 1) n S(u2,r - 1) = for every two codewords ui,U2 e C. Because of 
this also (S(u\,r) \ L;) n (S(u2,r) \ L{) = must hold (or (5(ui,r - 1) \ 
Li) n (S(u,2,r - 1) \ L{) = 0). E.g for every t e N with < t < /i(1l) it must 
hold S(ui, r, t) n S , (u 2 ,r, t) = (or S(ui,r - 1, t) n S(u2,r - l,i) = 0), and 
not only for £ = Z. 

Now we change the situation slightly. The receiver collects again vectors, 
until the spanned vector space of the received vectors has dimension Z. But 
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now it can happen, that the receiver receives not sufficiently many linear 
independent vectors. So the received vector space has a dimension between 
and I. The alphabet is in this case K = \j\=oLi. We consider again a 
constant dimension code C ^ L[ with minimum distance T>(C) > D and 
r = [-^pj. Again (S(ui,r) n K) n (5(ii 2 ,r) n K) = must hold, and it 
follows S(ui,r,i) n S(u2,r,i) = for every i = 0,...,/ and two codewords 
Ui,U2 e C. If r is even, then we can choose e.g. t as I and it follows 
S(ux,r) n S(u2,r) - by Theorem 15.11 otherwise we can choose e.g. t as 
/ - 1 and it follows S(ui,r) n S(u2, r) = 0. 

In this paper we consider only constant height codes in finite modular 
lattices. Because of the facts described above, we will only consider the case, 
that the spheres in the whole lattice have to be disjoint. It doesn't matter 
whether the alphabet is the whole lattice or not. 

One advantage of a finite modular lattice for the choice of the alphabet 
is, that one can decompose the lattice into subsets of the form Lt for aieN. 
If the lattice is semi-primary, one can even decompose it finer into subsets 
of the form for a partition [i. One can make use of this fact with the 
help of the next proposition, which is a very general formulation of a sphere 
packing bound for general finite metric spaces. For a metric space M with 
metric d and u e M we define also S{u,r) := {v e M \ d(u,v) < r} as the 
sphere centered at u and radius r. 

Proposition 5.3. Let M be a finite metric space with metric d, N a subset 
of M , C a subset of N with minimum distance V(C) >DforDeM.,r = [^J 
andT a subset of M such that min u6 jv \S(u, r) nT| > holds. Then it follows 



\C\< 



ITI 



min nEA r \S(u,r) n T\ 



Proof. Because of M 3 U M eC S(u,r) it follows T 3 \J U tc(S(u, r) n T). One 
obtains 



ITI > 



}J(S(u,r)nT) 

uaC 



V \S(u,r)nT\ > \C\ ■ min \S(u, r) n T|. 

ueN 



ueC 

It follows the statement. □ 

In our case the metric space M is of course a finite modular lattice L. 
The set N is a set L\ for a nonnegative integer I, because we consider only 
constant height codes. The set T can be chosen as Lt for a nonnegative 
integer t. If the lattice is semi-primary, then T can also be chosen as L v for 
a partition (p. If we consider moreover constant type codes of type //, then 
N can be chosen as L^. 

The advantage is now, that we can compute a multitude of bounds. The 
fact that the spheres in the whole lattice have to be disjoint, and not only the 
spheres restricted to alphabet, improves the situation even more, because it 
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delivers more options for the choice of the set T. Some of these bounds are 
tight, some are loose. The "usual" sphere packing bound, where the whole 
spheres are considered, would deliver a value, which is between the tightest 
and loosest bound. 

Lets consider now a finite modular lattice L = (L; v, a), I e N, a constant 
height code C <£ Li with minimum distance T>(C) > D and r = [^^J- Then 
mm u£ L l \S(u, r) n Lf\ > holds for max{0, 1 - r} < t < min{/t(lL), I + r}. We 
state the sphere packing bound in the following corollary. 

Corollary 5.4. Let L = (L; v, a) be a finite modular lattice, I e N, C £ L\ a 
constant height code with minimum distance D(C) > D and r = [^y^J- For 
t e {max{0, 1 - r}, min{/i(iL), / + r}} holds 



\C\< 



11/ 



min neL; \S(u,r,t)\ 



Now we state the sphere packing bound for constant type codes in semi- 
primary lattices. 

Corollary 5.5. Let (L;v,a) be a finite semi-primary lattice, fj, a partition, 
C £ L^ a constant type code with minimum distance V(C) >Dandr = . 
If min ue r \S(u, r, <p)\ > holds for the partition ip, then it follows 



\C\< 



\L<p\ 



min„ eL \S(u,r, <p)\ 



If (L; v, a) is furthermore enumerable, then we make use of the fact, that 
\S(ui,r,(p)\ - \S(u2,r,(p)\ holds, if u\ and U2 have the same type. Note in 
the following that a(X,(p) = \L V \ holds. 

Corollary 5.6. Let L = (L;v,a) be an enumerable lattice, A := tp(L), [i a 

partition, C £ a constant type code with minimum distance T>(C) > D and 
r = [— tM- If \S(u, r, tp)\ > holds for the partition ip and any u e L^, then 
it follows 

a(\,ip) 



\C\< 



\S(u,r,(p)\ 



Remark 1. Consider the subspace lattice (L(F^ );+,n) of the Fg-vector 
space and a constant dimension code in C £ L(F^) with dimension I, 
P(C) > D for an even D and r = [^y^J- Then Corollary 15.41 (also Corollary 
15.51 and I5.6P delivers for t-l-r exactly the bound 



|c|i n 



N 
I - r 

J <3 



I - r 
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which was developed by Wang, Xing and Safavi-Naini [16J. Note that \Lt\ = 
[i-r] q an< ^ m i n «ei M \S( U : r -> *)l = [/-rig holds. If r is moreover even, then 
Corollary E3] (also Corollary 15.51 and 15 , 6|) delivers for t = I exactly the bound 

|C| " \S(u,r,l)\' 
which is the sphere packing bound presented in j!3j . 



5.2 Sphere covering bound 

Also for the sphere covering bounds we can construct a multitude of bounds, 
but with a different technique and not with a constant radius. 

We will call a constant height code C £ L\ with T>(C) > D maximal with 
respect to D if there exists no code C 9 L\ with C £ C and T>(C') > D. 

Theorem 5.7. Let L = (L; v,a) be a finite modular lattice and D,l,t e N 
with l,t < Then there exists a constant height code C £ L\ with 

V(C) > D and 

\Lt\ 



> 



maXffiL, \S(u,D - 2 + \l-t\,t)\ 

Proof. Let y e Lt and C £ L\ be a maximal code with respect to -D. We 
will show, that there exists an element u e C, such that y is contained in 
D - 2 + \l - t\,t). We make a distinction of cases for t. 

Case 1: t < I. It exists & v € Li with y < v (so d(v,y) = I — t). Moreover 
there exists a u e C (so n has height Z) with d(u,v) < D - 2, otherwise 
C := C u {w} would fulfill C £ C and D(C') > D, what is a contradiction to 
the maximality of C. It follows d(u, y) < d(u, v) + d(v, y) <D-2 + l- t and 
so yeS(u,D-2 + \l-t\,i). 

Case 2: t > I. Analogue to case 1, one can show, that there exists 
a u e C with d{u,y) < d{u,v) + d(v,y) < D - 2 + t - I and it follows y 6 
S(u,D -2 + \l-t\,t). 

Lt is completely covered by the sphere layers of the form S(u, D - 2 + \l - 
t\,t) for u e C It follows 

\L t \ < Y\S(u,D-2 + \l-t\,t)\ <|C|-max|5(u,X)-2 + |i-t|,t)| 

and finally the statement. □ 

Remark 2. Consider the subspace lattice (L(Fvj;+,n) of the F ? -vector 
space . If D is even, then Theorem 15.71 delivers with t = I exactly the 
sphere covering bound 

\C\> ^ 

which was already presented in [13]. Note that \S(u\,D - 2,l)\ = \S(u2,D - 
2,l)\ holds in this case, if u\ and 112 have the same dimension. 
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Proposition 5.8. Let L = (L; v, a) be a finite semi-primary lattice, D e N 
and \i, (p partitions with fx < <p < tp(L). Then there exists a constant type 
code C 9 I with T>(C) > D and 



\C\> 



\Lip\ 



max ueZ/M \S(u, D-2 + \<p\- \(i\,<p)\ ' 

Proof. Analogue to case 2 of the proof of Theorem 15.71 One has only to 
replace I by \x and t by (p. The existence of an element v e with v < y is 
guaranteed by Lemma 14.61 □ 

Note that the case // ^ (f (even [i > <p) wouldn't work in this proposition, 
because for an y e L v there must not exist an v e L M with d(u,v) < \\cp\ - \fj,\\. 
Now we state the result for enumerable lattices. 

Corollary 5.9. Let L = (L; v,a) be an enumerable lattice, DeN and fj>, if 
partitions with fj, < cp < A := tp(L). Then there exists a constant type code 
C^L^ with V(C) > D and 

a(X,ip) 



|5(«,D-2 + M-H,^)| 



|C|> 
for a u e L^. 

5.3 Singleton bound 

We state here the singleton bound of [13] for general finite modular lattices. 
The idea is the same and we copy almost Theorem 8 and Theorem 9 and 
their proofs from [T3], but we translate it into the language of lattices. 

First we describe analogue to |13j what a punctured code is. Let L = 
(L; v, a) be a finite modular lattice, C £ L\ a constant height code and w e L 
with h{w) = /i(1l) - 1- One obtains a punctured code C from C by replacing 
every vtCby&v'<vAw with h{v') = 1 — 1. That means v is replaced by 
v aw ifv^w, otherwise v is replaced by an arbitrary v ' < v with h{v') = 1-1. 
We say, that C is punctured by w. 

Theorem 5.10. Let L = (L;v,a) be a finite modular lattice, C £ Li a 
constant height code withT>(C) > 2, w e L with h(w) = L' ■■= [Oi,,w] 

and C a punctured code from C by w. Then C' is a constant height code with 
C £ L\_ x , \C'\ = \C\ and V(C) > V(C) - 2. 

Proof. We have to check the distance and the cardinality. Let u,v e C 
and u',v' the corresponding codewords in C' . We have u' a v' < u a v and 
V(C) < d(u,v) = 2l-2h(uAv). So it follows 2h{v! Av') < 2h{uAv) < 2l-V{C). 
One obtains 

d(u',v') = h(u') + h(v') - 2h(u' a v') = 2(1 - 1) - 2h(u' a v') 
> 2(1 - 1) - (21 - V(C)) = V(C) - 2. 
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Since T>(C) > 2 we have d{u' ,v') > 0, so u' and v' are distinct and it follows 
\C'\ = \C\. □ 



With this theorem follows the Singleton bound. 

Theorem 5.11. Let L = (L;v,a) be a finite modular lattice, C £ Li a 
constant height code, t := — 3— w an element in L with h(w) - /i(1l) ~t 
and L' ■- [0l, w]. Then 

\c\<\lU\. 

Proof. For w e L with h(w) = _ t there exists w\, ...,Wt-i e L with 

w\ > ... > Wt-i > w and h{wi) = /i(1l) - i Let C be the code, which is 
obtained by first puncturing C by wi, then by W2 and so on up to wt-i and 
finally by w. Then C is a subset of L[_ t and it follows \C'\ < \L',_ t \. Since 
V(C) > 2, it holds \C'\ = |C| and it follows the statement. □ 

We obtain the following simple corollary for enumerable lattices. 

Corollary 5.12. Let L = (L;v,a) be an enumerable lattice, C 9 L\ a con- 
stant height code, t := — ^ — , tp e PART(/i(1l) -t) with (p < tp(L). Then 

\C\<a(<p,l-t). 

Note that the statement works also for constant type codes, because 
constant type codes are constant height codes. If C 9 L^ is a constant type 
code, then only I must replaced by \n\ in the corollary. 
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